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Abstract
We compute the beta-functions of the standard model formulated on a noncommu-
tative spacetime. If we assume that the scale for spacetime noncommutativity is of the
order of 2.2× 1015 GeV we find that the three gauge couplings of the standard model
merge at a scale of 2.3 × 1017 GeV. The proton lifetime is thus much longer than in
conventional unification models.
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1
Grand unification [1–3] is a topic that has fascinated theoretical physicists since the
discovery of the standard model which is based on the gauge symmetry SU(3)×SU(2)×U(1).
It is tempting to try to unify these groups within a bigger group such as SU(5) [1] or
SO(10) [2]. Unfortunately the gauge couplings of the standard model fail to converge to one
unified gauge coupling [4] unless one plays with threshold effects [5] or breaks the fundamental
symmetry of the grand unified gauge group in different steps (see e.g. [6]). Another way to
obtain the unification of the gauge couplings of the standard model is to introduce new
particles, e.g. supersymmetric particles (see e.g. [7]), to reach the numerical unification of
the gauge couplings. In this letter we shall pursue a different approach and study whether
spacetime noncommutativity can modify the standard model in such a way that the gauge
couplings converge to one unified gauge coupling. We do not introduce any new particles
and consider a direct breaking of the grand unified gauge symmetry to the standard model.
Gauge theories formulated on a canonical noncommutative spacetime have recently re-
ceived a lot of attention (see e.g. [8, 9]). A canonical noncommutative spacetime is defined
by the noncommutative algebra
[xˆµ, xˆν ] = iθµν (1)
where µ and ν run from 0 to 3 and where θµν is constant and antisymmetric. It has mass
dimension minus two. Formulating Yang-Mills theories relevant to particle physics on such
a spacetime requires one to consider matter fields, gauge fields and gauge transformations in
the enveloping algebra otherwise SU(N) gauge symmetries cannot be implemented [10, 11].
The enveloping algebra approach allows one to map a noncommutative action Sˆ on an
effective action formulated on a regular commutative spacetime.
We shall be working within the framework of the minimal noncommutative standard
model [11], but we nevertheless choose the representation for the U(1) gauge boson in such
a way that the trace over three generators of the U(1) is equal to one i.e. instead of taking
Y = diag(−1, 1) as in [11], we take Y = 1 which seems to be required in order to have
a renormalizable U(1) theory [12]. This choice of representation will also help to cure the
problem with SU(N) theories which appear at the quantum level [13, 14]. The standard
model on a noncommutative spacetime can be written in a very compact way:
SˆNCSM =
∫
d4x
3∑
i=1
Ψ̂
(i)
L ⋆ i /̂DΨ̂
(i)
L +
∫
d4x
3∑
i=1
Ψ̂
(i)
R ⋆ i /̂DΨ̂
(i)
R (2)
−
∫
d4x
1
2g′
tr1F̂µν ⋆ F̂
µν −
∫
d4x
1
2g
tr2F̂µν ⋆ F̂
µν
−
∫
d4x
1
2g3
tr3F̂µν ⋆ F̂
µν +
∫
d4x
(
ρ0(D̂µΦ̂)
† ⋆ ρ0(D̂
µΦ̂)
−µ2ρ0(Φ̂)
† ⋆ ρ0(Φ̂)− λρ0(Φ̂)
† ⋆ ρ0(Φ̂) ⋆ ρ0(Φ̂)
† ⋆ ρ0(Φ̂)
)
2
+
∫
d4x
(
−
3∑
i,j=1
W ij
(
(
¯̂
L
(i)
L ⋆ ρL(Φ̂)) ⋆ ê
(j)
R + ¯̂e
(i)
R ⋆ (ρL(Φ̂)
† ⋆ L̂
(j)
L )
)
−
3∑
i,j=1
Giju
(
(
¯̂
Q
(i)
L ⋆ ρQ¯(
̂¯Φ)) ⋆ û(j)R + ¯̂u(i)R ⋆ (ρQ¯( ̂¯Φ)† ⋆ Q̂(j)L )
)
−
3∑
i,j=1
Gijd
(
( ¯̂Q
(i)
L ⋆ ρQ(Φ̂)) ⋆ d̂
(j)
R +
¯̂
d
(i)
R ⋆ (ρQ(Φ̂)
† ⋆ Q̂
(j)
L )
))
,
where ⋆ is the star product, Φ¯ = iτ2Φ
∗ and ρ(Fˆ ) denotes the representation in the enveloping
algebra of the field Fˆ (see [11] for details). The matrices W ij , Giju and G
ij
d are the Yukawa
couplings. Note that in (2) we have not yet developed the fields in the enveloping algebra.
The action (2) has the standard model as a limit for θ → 0:
SˆNCSM =
∫
d4x
3∑
i=1
Ψ
(i)
L i /DΨ
(i)
L +
∫
d4x
3∑
i=1
Ψ
(i)
R i /DΨ
(i)
R (3)
−
∫
d4x
1
4
fµνf
µν −
∫
d4x
1
2
TrFµνF
µν −
∫
d4x
1
2
TrGµνG
µν
+
∫
d4x
(
(DµΦ)
†(DµΦ)− µ2Φ†Φ− λ(Φ†Φ)2
)
+
∫
d4x
(
−
3∑
i,j=1
W ij
(
L¯
(i)
L Φe
(j)
R + e¯
(i)
R Φ
†L
(j)
L
)
−
3∑
i,j=1
Giju
(
Q¯
(i)
L Φ¯u
(j)
R + u¯
(i)
R Φ¯
†Q
(j)
L )
)
−
3∑
i,j=1
Gijd
(
Q¯
(i)
L Φd
(j)
R + d¯
(i)
R Φ
†Q
(j)
L
))
+O(θ).
Using the quantization and regularization methods presented in [12] we now compute the
β-functions of this model at the one loop approximation. The Feynman rules are given by
Ψˆ(pI)AˆµΨˆ(pF ) → igγµ exp(
i
2
pIαθ
αβpFβ )ρ(Aˆ
µ) (4)
where ρ(Aˆµ) denotes the representation of the gauge boson Aˆµ in the enveloping algebra,
note that ρ(Aµ) = T a for the commutative field. The Feynman rule for the three gauge
boson interaction is given by
Aˆµ1(p1)Bˆµ2(p2)Cˆµ3(p3) → −g(fABC cos(p
1
αθ
αβp2β) + dABC sin(p
1
αθ
αβp2β)) (5)
×[(p1 − p2)µ3gµ1µ2 + (p2 − p3)µ1gµ2µ3 + (p3 − p1)µ2gµ3µ1 ],
where fABC = −2iT r([ρ(Aˆ
µ1(p1)), ρ(Bˆµ2(p2))]ρ(Cˆµ2(p3))) is traced in the enveloping algebra
as well as dABC = 2Tr(ρ({Aˆ
µ1(p1)), ρ(Bˆµ2(p2))}ρ(Cˆµ2(p3))), i.e. they should not be confused
with the usual group theoretical factors ifabct
c = [ta, tb] and dabct
c = {ta, tb} although we shall
3
see that they are related to these factors once one has expanded the trace in the enveloping
algebra. For the four bosons interaction, one has
Aˆµ1(p1)Bˆµ2(p2)Cˆµ3(p3)Dˆµ4(p4) → −i
∑
x
g2[(fABx cos(p
1
αθ
αβp2β) + dABx sin(p
1
αθ
αβp2β))(6)
×(fxCD cos(p
3
αθ
αβp4β) + dxCD sin(p
3
αθ
αβp4β))
×(gµ1µ3gµ2µ4 − gµ1µ4gµ2µ3)
+(fACx cos(p
1
αθ
αβp3β) + dACx sin(p
1
αθ
αβp3β))
(fxDB cos(p
4
αθ
αβp2β) + dxDB sin(p
4
αθ
αβp2β))
×(gµ1µ4gµ2µ3 − gµ1µ2gµ3µ4)
+(fADx cos(p
1
αθ
αβp4β) + dADx sin(p
1
αθ
αβp4β))
×(fxBC cos(p
2
αθ
αβp3β) + dxBC sin(p
2
αθ
αβp3β))
×(gµ1µ2gµ3µ4 − gµ1µ3gµ2µ4)]
and the interaction for the ghost field is given by
Gˆ1(p
I)Aˆµ(q)Gˆ2(p
F ) → −gpFµ (cos(p
I
αθ
αβpFβ )fAG2G1 − sin(p
I
αθ
αβpFβ )dAG2G1). (7)
The gauge boson Aˆµ is valued in the enveloping algebra and contains all the gauge bosons of
the standard model. The first order expansion in the enveloping of Aˆµ = g
′YAµ + gB
a
µτ
a +
gsG
c
µT
c. Our aim is not to study the renormalizability of the model, but only to extract the
UV divergent part necessary for the calculation of the beta-functions. Let us start with the
gauge boson Aˆµ. As usual there are three self-energy diagrams of interest. It is easy to see
that the planar diagram contribution to the UV divergent part is given by
D = g2
(
2Tr({ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))}ρ(Aˆµ2(p1))) cos(
1
2
p1αθ
αβp2β) (8)
+Tr([ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))]ρ(Aˆµ2(p1))) sin(
1
2
p1αθ
αβp2β)
)
×
(
2Tr({ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))}ρ(Bˆµ2(p2))) cos(
1
2
p1αθ
αβp2β)
+Tr([ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))]ρ(Bˆµ2(p2))) sin(
1
2
p1αθ
αβp2β)
)
.
We are interested in the contribution to the running of the gauge fields after they have been
mapped on a commutative spacetime as we want to compare the running of the three gauge
couplings to that of the regular standard model. Let us first consider the case where the
outer particles are SU(N) gauge bosons as well as the inner one. One finds
2Tr({ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))}ρ(Aˆµ2(p1))) = −2iT r([T e, T f ]T a) = f efa (9)
and
2Tr([ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))]ρ(Aˆµ2(p1))) = 2Tr({T e, T f}T a) = defa (10)
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in the leading order of the expansion in the enveloping algebra and one thus finds
D
(1)
SU(N) = g
2N
(
1−
1
N
sin2((
1
2
p1αθ
αβp2β)
)
(11)
which corresponds to the result obtained in refs. [13, 14]. Now in the noncommutative
standard model there is a U(1) piece that couples to the SU(N) bosons, since we have chosen
Y = 1, calculating the trace in the enveloping algebra is easy
2Tr([ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))]ρ(Aˆµ2(p1)) = −2iT r([T e, Y ]T a) = 0 (12)
and
2Tr({ρ(Eˆµ1(p3)), ρ(Fˆ µ2(p4))}ρ(Aˆµ2(p1)) = 2Tr({T e, Y }T a) = 2/N (13)
and the second contribution is thus given by
D
(2)
SU(N) = 2g
2 2
N
sin2(
1
2
p1αθ
αβp2β). (14)
The total contribution is thus given by g2N and is identical to that of the standard model. It
is easy to see that the contribution to the divergence in the U(1) sector is that given in [12].
However there are two new contributions coming from the SU(2) and SU(3) sectors and the
divergent part of the self-interaction diagrams is given by 5/3(1 + 2 + 3).
We have seen that the contribution of the SU(2) and SU(3) gauge bosons are thus, for
this choice of representation in the enveloping algebra for the U(1) sector, the same as in
the standard model on a commutative spacetime. Whereas it is clear, that a pure SU(N)
noncommutative gauge theory is not renormalizable as shown in [13,14], the standard model
on a noncommutative spacetime based on the enveloping algebra of su(3)×su(2)×u(1) has
a chance to be renormalizable due to the freedom in the choice of the representations of the
U(1) sector. We leave that question open. The contribution from the fermion and the scalar
field can be deduced from the quantum electrodynamics contribution studied in [12]. We
thus find:
∂
∂µ
αi(µ) =
1
2π
bNCi α
2
i (µ), i ∈ {1, 2, 3} (15)
with
bNCi =


bNC1
bNC2
bNC3

 =


−12
−22/3
−11

+Nf


4/3
4/3
4/3

+NHiggs


1/10
1/6
0

 , (16)
where αi = where g1 is the U(1) gauge coupling, g2 the SU(2) one , g3 the SU(3) one, Nf = 3
is the number of families and NHiggs = 1 is the number of Higgs bosons. If we compare the
5
bi of the standard model on a noncommutative spacetime to that of the standard model on
a commutative spacetime
bSMi =


bSM1
bSM2
bSM3

 =


0
−22/3
−11

+Nf


4/3
4/3
4/3

+NHiggs


1/10
1/6
0

 , (17)
we see that the only difference is the factor −12 for the U(1) gauge coupling which comes
from the nonabelian like term in the U(1) noncommutative gauge boson interaction.
We shall now study the grand unification of the gauge couplings. Clearly the running of
the beta-function of the U(1) sector is in contradiction with experiment. The noncommuta-
tive parameter θ thus has to be space-time dependent or in other words energy-momentum
dependent. It has been shown how to formulate Yang-Mills theories on a space-time with
an energy-momentum dependent noncommutativity [15]. We shall not go into these details
and treat the scale dependence of θ as a threshold effect. We shall assume that θµν = 0 for
µ < ΛNC and θ
µν 6= 0 for µ ≥ ΛNC , i.e. the noncommutativity of spacetime can only be
probed when one goes to short enough distances. We thus have one free parameter ΛNC . We
know from experimental bounds that ΛNC > O(1 TeV) [16], however if spacetime noncom-
mutativity is responsible for the unification of the gauge couplings of the standard model we
will see that the typical scale for spacetime noncommutativity is much higher and is out of
reach of future colliders.
Taking the following input values [4] α1(MZ) = 0.0168, α2(MZ) = 0.03322 and α3(MZ) =
0.118, we find that if we assume that the scale for spacetime noncommutativity is 2.2× 1015
GeV, the three gauge couplings of the standard model unify at a scale of Λu = 2.3×10
17 GeV
and the unified gauge coupling αu is equal to 0.0208 at the unification scale. Grand unifica-
tion within the noncommutative setting avoids problems with the proton decay as the grand
unification scale is much higher than in conventional unification models. Unfortunately, it
seems hopeless to test such a long proton lifetime. As in any non-supersymmetric unified
theory, e.g. SU(5), we expect the nucleon lifetime to be given by a dimension 6 operator
which is suppressed by the unification scale squared i.e. the proton lifetime is given by:
τp ∝
Λ4u
α2um
5
p
= 1.8× 1041yr, (18)
where mp is the proton mass. The present limit [17] on the proton lifetime is of the order of
1033 yr (this limit is obviously decay channel dependent). The result (18) is clearly out of
reach for present or future experiments. However, noncommutative grand unification [18] is
a viable alternative to supersymmetric unification and does not involve any new particle. It
is also interesting to note that the scale 2.3× 1017 GeV is not very far away from the Planck
scale.
6
One of the main motivations to consider a noncommutative spacetime is that it introduces
the notion of minimal length in quantum field theoretical models. A minimal length is a
natural expectation of a unified theory of quantum mechanics and general relativity [19].
The effects of such a minimal length are expected to become relevant close to the Planck
scale, which corresponds to an energy scale of the order of 1019 GeV, scale at which gravity
would unify with gauge theories as in e.g. string theory. It is very interesting to note that
the scale for the gauge unification on a noncommutative spacetime is quite close to the scale
where one expects gravity to unify with the other forces of nature
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